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cc(X)∗ ∼= CPH(B∗w∗)∗; wcc(X)∗ ∼= C∆SFSD(B∗)∗;
swcc(X)∗ = C∆SUFD(B





存在Banach空间S ⊂ RN，S线性等距于与C[0, 1]，使得对于任意的紧度量空间Ω，存
在S的紧集KΩ，存在满等距T : KΩ → Ω，满足对于任意的连续函数f ∈ C(Ω)，对于任
意的ϵ > 0，存在n ∈ N，存在n-多项式函数P = P (s1, s2 · ··, sn)，使得
































The geometric and topological properties of convex sets of a Banach space, such
as balls, compact convex sets, weak compact convex sets, super weak compact convex
sets(see[5] for the definition) play an important role in the study of Banach space theory.
Some specific classes of convex sets, with the addition operation and the scalar multipli-
cation operation, endowed with Hausdorff metric, have excellent algebraic structure and
topological properties, which have brought mathematician’s interests. In this paper, we
consider normed semigroups generated by convex sets mentioned above and their duals.
We mainly focus on the representation theory of their dual. Making use of discussions
of cone isometric embedding and the density property of DC functions spaces, we obtain
the following main results.
(I) Given a Banach space X, we show dual representation theorems of normed semi-
group cc(X) generated by compact convex sets, wcc(X) by weak compact convex sets,
swcc(X) by super weak compact convex sets and b(X) by sets of convex hulls of finitely
many balls respectively, that is the following representation theorems
cc(X)∗ ∼= CPH(B∗w∗)∗; wcc(X)∗ ∼= C∆SFSD(B∗)∗;
swcc(X)∗ = C∆SUFD(B
∗)∗; C(BX∗ , w
∗)∗ ∼= b(X)∗.
(II) We also show the following assisted results and applications in the research of the
duals representations of normed semigroups,














which is as follows,
There exists Banach space S ⊂ RN, S ∼= C[0, 1], such that ∀ compact metric space
Ω, ∃ compact set KΩ ⊂ S and there exists surjective isometry T : KΩ → Ω, such that
∀f ∈ C(Ω), ∀ϵ > 0, ∃n ∈ N, ∃n-polynomial function P = P (s1, s2 · ··, sn), such that
|f(T (s))− P (s1, s2 · ··, sn)| < ϵ, ∀s = (s1, s2 · ··, sn) ∈ KΩ.
(2) An arbitrary w∗ continuous positively homogenous function can be uniformly ap-
proximated by ∆-convex polyhedron support functions on arbitrary w∗ compact set.
(3) In any locally convex space L, ∆ maximum of finite continuous affine functions
can uniformly approximate continuous function on any compact set K ⊂ L.
Key Words: DC functions; normed semigroup; fréchet differentiability; (super)
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由于凸子集较好的代数性质，凸子集的全体对于通常意义下集合的加法(A + B =
{a + b, a ∈ A, b ∈ B}, )和数乘(λA = {λa, a ∈ A})运算具有较好的运算法则，
如Banach空间凸子集的全体对于上述集合的加法和数乘运算封闭，并且加法满
足交换律(因此凸子集的全体在上述加法运算意义下就构成一个Abelian半群)；
非负数的加法运算和凸子集的乘法运算具有分配律，即(λ1 + λ2)A = λ1A +


















定义 1.1 设F ∈ {R,C}，如果Abelian半群G上存在两个运算(1) : (x, y) ∈ G× G →
x+ y；(2)(α, x) ∈ (F×G) → αx ∈ G满足
(λµ)g = λ(µg), ∀λ, µ ∈ F g ∈ G;
λ(g1 + g2) = λg1 + λg2, ∀λ ∈ F g1, g2 ∈ G;











对于上述三类集族赋予通常意义下的加法和数乘：K1 + K2 = {k1 + k2 : k1 ∈
K1 and k2 ∈ K2} and λK = {λk : k ∈ K}，则分别为模。分别赋予Hausdorff度量dH，
i.e.，
dH(K1, K2) = max{supx∈K1d(x,K2), supy∈K2d(K1, y)}
该Hausdorff度量诱导出一范数∥ · ∥H，





















定义 1.3 称定义在赋范半群G 上的泛函ϕ为线性的，如果
ϕ(αg1 + βg2) = αϕ(g1) + βϕ(g2), ∀α, β ∈ R+ ∪ 0 g1, g2 ∈ G.





i.e.，ϕ(αg) = αϕ(g),∀α ∈ R+ ∪ 0，主要原因在于：例如，如果要求定义在由紧凸子
集构成的赋范半群cc(X)上的线性泛函ϕ满足齐次性，则对于任意的非单点集的紧凸子
集A ∈ cc(X)，ϕ(A−A) = 0，而A−A ̸= 0，因此如此定义的紧凸子集赋范半群cc(X)的
对偶空间不具有分离性。这不是本文考虑的内容。
由例1.2，赋范空间为赋范半群，赋范空间X中所有紧凸子集cc(X)，所有弱紧凸
子集wcc(X)等在赋予通常意义下的加法和数乘(A + B = {a + b, a ∈ A, b ∈ B}, λA =



























定理 1.4 (Radstrom) 令X为实Banach空间，(cc(X), h)表示X中所有紧凸子集赋
予Hausdorff度量构成的度量空间，则存在赋范空间Y，存在T : (cc(X), h) → Y， 使
得∀A,B ∈ cc(X)，∀λ ≥ 0，∥T (A)− T (B)∥ = h(A,B)，T (λA) = λT (A)，T (A + B) =









本文所利用的主要工具为DC函数(difference of convex functions或∆-凸函数)，我
们的主要方法是对于给定的某赋范半群G，首先通过锥等距f将G嵌入一Banach空
间Y，然后在Y中将f(G)生成Y的子空间f(G) − f(G)，最后证明f(G) − f(G)在Y的某
子空间Y0中稠密，因此得到G的对偶空间与Y0的对偶空间等距同构，即：G
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